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Abstract 
Ishihara, H., Constructive compact operators on a Hilbert space, Annals of Pure and Applied 
Logic 52 (1991) 31-37. 
In this paper, we deal with compact operators on a Hilbert space, within the framework of 
Bishop’s constructive mathematics. We characterize the compactness of a bounded linear 
mapping of a Hilbert space into C”, and prove the theorems: (1) Let A and B be compact 
operators on a Hilbert space H, let C be an operator on H and let u E C. Then LYA is compact, 
A + B is compact, A* is compact, CA is compact and if C* exists, then AC is compact; (2) An 
operator on a Hilbert space has an adjoint if and only if it is weakly compact. 
Keywords. Compact operator, weakly compact operator, constructive. 
In this paper, we deal with compact operators on a Hilbert space, within the 
framework of Bishop’s constructive mathematics; we assume familiarity with the 
foundations of constructive mathematics; see [l, 2,3,5]. 
Let E and F be normed linear spaces and let S be the closed unit sphere of E. 
Then we say that a linear mapping A of E into F is bounded if A(S) is bounded, 
normabfe if [IAll = sup{ IIAxll: x ES} exists, and compact if A(S) is totally 
bounded. A bounded linear mapping A of E into itself is called an operator on E. 
Classically, we know that every bounded linear mapping into a finite-dimensional 
normed linear space is compact, because every bounded subset of a finite- 
dimensional normed linear space is totally bounded. But, as the following 
example shows, we cannot expect to prove constructively that a bounded linear 
mapping into a finite-dimensional normed linear space is compact. 
Brouwerian Example 1 [4]. A bounded linear functional on 1’ which is not compact. 
Let 1’ be the Hilbert space of square-summable sequences of numbers and for 
each x E I’, let x, be the nth component of x. Let {a,} be a binary sequence 
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containing at most one 1 and define a bounded linear functional f on 1’ by 
f(x) = “Z1 %-%Z. 
If f is compact (so, is normable), then either Ilf 11 > 0 in which case there exists n 
such that a, = 1; or else llfll < 1, and a, = 0 for all n. 0 
In [4], Bridges et al. proved the interesting theorem: A bounded linear 
mapping of a normed linear space E onto a finite-dimensional normed linear 
space F is compact if and only if its kernel is located in E. When the domain of 
the mapping is a Hilbert space, we can prove the following. 
Proposition 1. Let u be a bounded linear mapping of a Hilbert space H into C”, 
andfori=l,..., It, let pi : Cn+ @ be a mapping defined by pi(X1, . . . , x,) = xi. 
Then u is compact if and only if pi” u is normable for each i = 1, . . . , n. 
Proof. Let u be compact. Then pi 0 u is compact, and therefore normable, for 
each i=l,..., n. Conversely, suppose that pi 0 u is normable for each i = 
1 * * 7 n. Then, by [2, Chapter 8, (2.3)], for each i = 1, . . . , n, there exist J E H 
such that (piou)(x) = (x,5). Let E >O. Then, by [2, Chapter 7, (2.5)], there 
exists a finite-dimensional subspace Y of H such that d(f;:, Y) < e/(2n) for all 
i=l . . , It. Since u(&) = {u(x): x E Y, llxll G l} is totally bounded, there exists 
an ;/Zapproximation {u(xl), . . . , u(x,)} to u(&). Thus for each x E S, there 
exists k such that llu(Px) - u(xk)ll< e/2, where P is the projection onto Y, and 
since IIf;: - PJJ < El(2n) (i = 1, . . . , n) and P is self-adjoint, we have 
IW) - ubc)II s Il4x) - u(Px)ll + IWX) - UWII 
< IlU(X - PX)ll + i= $ I(pi"U)(X - PX)l + i
1 1 
=~~l(*.-Px,f;)l+~=~~I(x,f.-P~)l+~ 
e1 llxll IM-vill +;e$+;=~. 
Hence {u(x,), . . . , u(x,)} is also an E-approximation to u(S). 0 
We know that Proposition 1 is still valid when the set of all normable linear 
functionals on the domain of the mapping is a linear space (see [7]); but the 
following example shows that we cannot expect to generalize the result to 
arbitrary normed linear spaces. 
Brouwerian Example 2. A bounded linear mapping u of I1 into C2 such that pi 0 u 
is normable for i = 1, 2, but u i% not compact. 
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-Let I1 be the Banach space of absolutely summable sequences of real numbers 
and for each x E I’, let x,, be the nth component of x. Let {a,} be a binary 
sequence and define a bounded linear mapping u : I’+ @* by 
u(x) = 
( 
xi + 2 a,x,+i, -xi . 
?l=l > 
Then p 1 0 u and p2 ou are normable, with (IplouI( = ()p20ul) = 1. If u is compact, 
then either s = sup{ ]zl + z2]: (zl, z2) E u(S)} > 0, in which case there exists it such 
that a, = 1; or else s < 1, and a, = 0 for all n. 0 
Lemma 1. Let A be a linear mapping of a Hilbert space H into itself, such that for 
each y E H, {(Ax, y ) : x E S} is totally bounded. Then A* exists. 
Proof. For each y E H, the hypotheses ensure that x * (Ax, y ) is a normable 
linear functional on H. Hence, by [2, Chapter 8, (2.3)], there exists z E H such 
that (Ax, y ) = ( x,z) forallxeH. Thenz=A*x. 0 
From a constructive point of view, it seems difficult to prove the compactness 
of the sum of compact linear mappings, which is classically proved by means of 
the constructively unacceptable property of sequential compactness. By Proposi- 
tion 1 and Lemma 1, we can prove the following. 
Theorem 1. Let A and B be compact operators on a Hilbert space H, let C be an 
operator on H and let (Y E @. Then 
(1) CUA is compact. 
(2) A + B is compact. 
(3) A* exists and is compact. 
(4) CA is compact. 
(5) Zf C* exists, then AC is compact. 
Proof. (1) and (4) are trivial. 
(2) Let E > 0. Then it is easy to see that there exists a finite-dimensional 
subspace Y of H such that 
ll(A + B)x - (PA + PB)xll < E (x ES), 
where P is the projection onto Y. Let {ei, . . . , e,} be a metric basis of Y. Then 
we can write PA and PB in the forms 
PA(x) =fi(x)e, + . . . +f,(x)e,, 
PB(x) = g,(x)el + . . . + g,(x)e,. 
Since PA and PB are compact, Proposition 1 shows that for each i, 6 and g, are 
normable linear functionals on H; whence, by [2, Chapter 8, (2.3)], 5 + gi is 
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normable. Thus, by Proposition 1, the linear mapping 
(PA + W(x) = (fi + g&)el+ . . . + CL + s&h 
of H into Y is compact. Therefore A + B is compact. 
(3) Since A is compact, {(Ax, y ) : x E S} is totally bounded for all y E H; 
whence, by Lemma 1, A* exists. Let {AxI, . . . , Ax,,} be an e/3-approximation 
to A(S) and let u : H+ @” be the bounded linear mapping defined by 
u(y)=((h,,y), . . . , (AG,Y)) (Y EH). 
Then u is compact by Proposition 1, Let { u(yl), . . . , ~(y,,,)} be an e/3- 
approximation to u(S). Then, for each y E S, there exists k such that I(Axj, y) - 
(Axj,yk)I<Eforallj=l,..., n. Let x E S and let i be such that [IAx - AXj 11 < 
e/4. Then we have 
and hence 
IIA*Y -A*y/cll =sup{Ik A*Y -A*y/c)l: llxll s 1> 
G E. 
(by [6, Lemma 11) 
Therefore {A*y,, . . . , A*y,} is an e-approximation to A*(S). 
(5) By (3), A* is compact, so C*A* is compact. Hence, by (3), AC = (,*A*)* 
is compact. Cl 
Since we know classically that every operator on a Hilbert space has an adjoint, 
the hypotheses “if C* exists” in Theorem l(5) seems superfluous. But the 
following examples show that there is an operator which does not have an 
adjoint, and that we cannot drop the existence of C* from the hypotheses of 
Theorem l(5). 
Brouwerian Example 3. An operator on l2 which does not have an adjoint. 
For each positive integer n, let e, be the basis vector of Z2 with nth component 
1 and all other components 0. Let {a,} be a binary sequence containing at most 
one 1 and define a linear mapping C of l2 into itself by 
Cx = “$I W$I $+,e.. 
Then we have 
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and hence C is an operator. However, for y = Cz=, (l/@)e,, we have 
(Cx.Y)=n$l %~x~=~5&x~J 
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and, as we have seen in Brouwerian Example 1, the bounded linear functional 
x H (Cx, y ) is not normable. Therefore C does not have the adjoint. 0 
Brouwerian Example 4. Operators A and C on 1’ such that A is compact, but AC 
LY not compact. 
Let C be as in Brouwerian Example 3 and define a linear mapping A of 1’ into 
itself by Ax = Ct=, (l/@)x,e,. Then it is easy to see that A is a compact 
operator. However we have 
If AC is compact, then either IJACII > 0, in which case there exists n such that 
a, = 1; or else IlACll < 4, and a, = 0 for all n. 0 
Let (I( - )I[ be the double norm on a separable Hilbert space H, defined by 
](Ix(II = Cz, 1(x, yn)l/2” (x E H), where y,, y2, . . . is a dense sequence of S; see 
[2, Chapter 7, Section 61. Then we say that a bounded linear mapping A of a 
normed linear space E into H is weakly compacf if A(S) is totally bounded with 
respect to the double norm. 
Theorem 2. An operator on a separable Hilbert space has an adjoint if and only if 
it LY weakly compact. 
Proof. Let A be an operator on a separable Hilbert space H, let y,, y2, . . . be a 
dense sequence in S, and define the double norm by l/x 111 = Cr=, 1(x, yn)l/2” 
(x E H). We may assume without loss of generality that the bound of A is 1. 
Suppose that A is weakly compact. In view of Lemma 1, it will suffice to prove 
that, for each y E S, {(Ax, y ) : x E S} is a totally bounded subset of C. Let y E S 
and let E > 0. Then there exists IZ 2 1 such that I] y - ynll < e/4; also there exists 
an e/2”+l -approximation {Ax,, . . . , Ax,} to A(S) in the 
x E S there exists k such that (l/2”) I (Ax - Axk, y, ) I =Z 
Hence we have 
double norm. For each 
IllAx - Axt 111 < ~/2”+l. 
I(Ax -Ax,c, y)l<;+ IlAx -A-U IIY -ynll 
cf+21=E, 
2 4 
and therefore { (Ax, y ) : x E S} is totally bounded. 
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Conversely, suppose that A* exists. For each E > 0, choose N such that 
CZ=N+1 112” < e/4, and define the bounded linear mapping u : H + CN by 
u(x) = ((x, A*Y~), . . . , (x, A*YN))- 
Then, by Proposition 1 u is a compact mapping, and hence there exists an 
e/2-approximation {u(x,), . . . , u(x,)} to u(S). For each x E S there exists k such 
that Ilu(x) - u(xk)ll = CF=‘=, I (x - xk, A *y, ) I < e/2. Hence we have 
Therefore A is weakly compact. Cl 
The notions of weak compactness and of normability seem closely related to 
each other, but the following examples show that they are independent. 
Brouwerian Example 5. A self-adjoint operator on 1’ which is not normable. 
Let {a,} be a binary sequence and define a linear mapping A of Z2 into itself by 
m 
Ax = c a,x,e,. 
n=l 
Then it is easy to see that A is a self-adjoint operator. If A is normable, then 
either [IA II > 0 in which case a, = 1 for some n ; or else IIA II < 1, and a,, = 0 for all 
n. Cl 
Brouwerian Example 6. A normable operator on 1’ which does not have an 
adjoint. 
Let {a,} be a binary sequence containing at most one 1, such that aI = 0, and 
define a linear mapping A of 1’ into itself by 
n=l 
where e; = en+1 when a,, = 0, and e; = el when a, = 1. Then we have llAxII d llxll 
and llAelll = Ile,ll = 1; hence A is normable. However, if A has an adjoint, then 
the bounded linear functional f(x) = (A x, eI) = (x, A*eI) is normable; either 
llfll >0 in which case a, = 1 for some n, or else llfll < 1, and a,, = 0 for all n. 0 
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